The Basic Idea of QECC
Classical codes Quantum codes
Partition of the set of all words of length n over an alphabet of size 2.
Orthogonal decomposition of the vector space H ⊗n , where H ∼ = C 2 .
•
• codewords
• errors of bounded weight
• other errors
Encoding: |x → U enc (|x |0 )
Discretization of Quantum Errors
Consider errors E = E 1 ⊗ . . . ⊗ E n , E i ∈ {I, X, Y, Z}. The weight of E is the number of E i = 1. E. g., the weight of
Theorem: If a code C corrects all errors E of weight t or less, then C can correct arbitrary errors affecting ≤ t qubits.
Simple Quantum Error-Correcting Code
Repetition code: |0 → |000 , |1 → |111
Encoding of one qubit:
This defines a two-dimensional subspace
Hence we have an orthogonal decomposition of H 2 ⊗ H 2 ⊗ H 2
Stabilizer Codes
Observables C is a common eigenspace of the stabilizer group S decomposition into common eigenspaces The Stabilizer of a Quantum Code
Pauli group:
The stabilizer of C is defined to be the set
A quantum code C with stabilizer S is called a stabilizer code if and only if
S is an abelian (commutative) group and C is the joint +1-eigenspace of all M ∈ S.
Stabilizer Codes and Classical Codes
Notation:
Denote by X a where a = (a 1 , . . . , a n ) ∈ F n 2 and F 2 = {0, 1} the operator
Hence, any operator in G n is of the form ±X a Z b for some a, b ∈ F n 2 , written as (a|b).
Example: The repetition code is a stabilizer code with stabilizer S = {III, ZZI, ZIZ, IZZ} = ZIZ, IZZ . 
The matrix (X|Z) generates a symplectic self-orthogonal code with
Encoding Stabilizer Codes
Basic idea: Use operations of the generalized Clifford group (or Jacobi group) to transform the stabilizer S into a trivial stabilizer
, corresponding to the code 0 n−k |φ .
• row/column operations on the binary matrix (X|Z) to obtain "normal form" (0|I0)
• operations on (X|Z) correspond to
Action on Pauli Matrices Step II: X-Generator of Weight One Step III: Row Operations Inverse Encoding Circuit
Quantum circuit mapping a state |φ enc of the code [[5, 1, 3] ] to an unencoded one-qubit state |φ .
Quantum Convolutional Codes Quantum Block Codes
The code is the common eigenspace of the stabilizers. 
Quantum Convolutional Codes

Semi-infinite Stabilizer
Compact representation of the semi-infinite stabilizer matrix 
Quantum Convolutional Codes Quantum Block Codes
The stabilizer S corresponds to a binary code generated by the stabilizer matrix (X|Z).
Quantum Convolutional Codes
The semi-infinite stabilizer corresponds to a binary convolutional code generated by the matrix X(D) Z(D) with
Example: 
Quantum Circuits
Two-qubit gates
• CNOT on qubit j in block and qubit j in block + 1:
=⇒ infinite depth
• CSIGN on qubit j in block and qubit j in block: + 1:
